Abstract. Let D be a Dedekind domain with quotient eld K, let x be a single variable, and let I be an ideal in D x]. In this paper we will describe explicitly the structure of a Gr obner basis for I and we will use this Gr obner basis to compute the primary decomposition of I . This Gr obner basis also has a property similar to that of strong Gr obner bases over PID's ( 7], see also 1]).
Introduction
Let D be a Dedekind domain with quotient eld K and let x be a single variable. Let I be an ideal in D x]. The main result inn Section 2 is a structure theorem for a special Gr obner basis for I. First, in Proposition 2.2, we factor out the greatest common divisor of I which, by Corollary 2.8, reduces the problem to the case of ideals J such that J \ D 6 = f0g. In this case we show, in Theorem 2. 4 , that J has a Gr obner basis of the form G = fa 1 ; a 2 h 2 ; : : :; a t h t g; where a 1 ( a 2 ( ( a t are ideals in D, h 2 ; : : : ; h t are monic polynomials in D x] of increasing degree satisfying one additional condition. This structure theorem is similar to the one of Szekeres 10] and Lazard 7] in the case where D is a PID (see also 1]). In Corollary 2.5 we give a uniqueness result for this Gr obner basis. We show, in Corollary 2.9, that this Gr obner basis has the following \strong Gr obner basis" property: if g 2 J then there is an i such that a i lt(h i )j lt(g), where lt(f) denotes the leading term of the polynomial f. In Corollary 2.11 we show that the a i 's are essentially the invariant factors of D x]=J when this D-module is torsion and nitely generated.
In Section 3 we use the results of Section 2 to obtain a primary decomposition for any ideal I in D x]. First, in Theorem 3.3, we show that I = hc(f) ?1 fi \ a x]\ ha 1 ; a 2 h 2 ; : : : ; a t?1 h t?1 ; h t i, where f 2 K x] is a greatest common divisor of I, c(f)
is its content, a is an ideal in D, and the remaining ideal is determined in Theorem 2.4 as above. The primary decomposition of the rst ideal is determined by the prime factorization of f in K x]. The primary decomposition of the second ideal is determined by the prime factorization of a in D. We use a technique of Lazard 7] to compute the primary decomposition of the third ideal. This is done in two steps. In Theorem 3.5 we rst compute the maximal ideals containing the third ideal. For each of these we compute, in Theorem 3.6, the associated primary component. In Section 4 we summarize the algorithm and discuss the computational prerequisites for D in order to implement the constructions presented in the previous two sections. Two examples of Dedekind domains for which these constructions can be carried out are the ring of integers of an algebraic number eld (see 4]) and the quotient ring k y; z]=hfi, where k is a eld and f(y; z) de nes a non singular curve (see 5] ). We give an example of these constructions for D = Z p
?5]. 1 We will adopt the following notation. and lt(f) the leading coe cient, leading power product and leading term of f, respectively. Also, for a subset S D x], we de ne Lt(S) = hlt(f) j f 2 Si.
Finally, we say that G is a Gr obner basis for an ideal I of D x] provided that G I and Lt(G) = Lt(I The equality I = hc(f) ?1 fiJ is clear.
We note that the discussion in the last paragraph of the previous proof gives an e ective method for determining non-zero elements in J \ D which uses only the
Our strategy is to rst determine the structure of a special Gr obner basis for J and use it to get a special Gr obner basis for I. We rst give the following Conversely, any such set G satisfying the above conditions is a Gr obner basis for the ideal it generates.
Proof. Let G be any Gr obner basis for J. We will modify G to obtain a Gr obner basis for J which has the desired form. Assume the distinct degrees of the elements of G are 1 < 2 < < t . 
Then h 2 J and deg(h) < deg(g) = i+1 : Since G is a Gr obner basis for J, h must reduce to zero using G, and it is clear that only g 2 G i can be used. Thus we must have h 2 hG i i; and so dg 2 hG i i as desired.
We next show that for i = 1; : : :; t; we have
This can be seen using induction on i. Clearly for i = 1 we have hG 1 i = a 1 x]: Now assume that the result is true for i. By Equation (1) by Equation (1), and this gives the desired result.
To prove the converse, let us assume that we have a collection of polynomials in D x] and ideals in D as in the statement of the theorem. We prove by induction on i that fa 1 ; a 2 h 2 ; : : :; a i h i g is a Gr obner basis for the ideal it generates.
Clearly fa 1 g is a Gr obner basis for the ideal it generates and now we assume the result for i. We will show that for any homogeneous syzygy of the leading terms of fa 1 ; a 2 h 2 ; : : :; a i+1 h i+1 g, the corresponding S-polynomial reduces to zero using fa 1 H is any ideal in D x], then Lt(hH) = lt(h) Lt(H). Then, using the rst case, we have de Lt(aI) = Lt(deaI) = Lt(dc(f) ?1 efaJ) = e lt(f) Lt(dc(f) ?1 aJ) = e lt(f)a Lt(dc(f) ?1 J) = a Lt(dc(f) ?1 efJ) = a Lt(deI) = dea Lt(I) from which the desired result is obtained.
The last statement follows immediately. 1 We note that this result is very similar to Theorem 3.6 in 3] and, indeed, can be proved in the same way, using the atness of ideals in D. We can, in fact, make a general statement which includes both our result and Theorem 3.6 in 3]:
Proposition. Let R be a commutative ring and let M be an R-module. Then the following are equivalent:
(1) For all positive integers n, variables x 1 ; : : : ; xn , term orders on R x 1 ; : : : ; xn ], and ideals Proof. Since` (1 t = n) is de ned by a polynomial of degree ? 1 and h t has degree n > ? 1 it is clear that f`1; : : : ;`ng is a free basis for F. It then su ces to show that E = b 1`1 b n`n . So let f 2 J. Then, since h t is monic, we can write f = h t q + r for some polynomials q; r 2 D x] with deg(r) < n. Now r 2 J and so, by Corollary 2.9 there is a j such that lt(a j h j )j lt(r). It is then clear that if deg(r) = ? 1, we have lc(r) 2 b and we can write r = b ` + r 1 , where deg(r 1 ) < ?1 and b 2 b . In this way we get a representation of f+hh t i = r+hh t i as an element of b 1`1 b n`n . To conclude this section we observe that the ideals a i in Theorem 2.4 arise naturally in a di erent way. Indeed, if n is a positive integer and if we de ne c n (J) = hlc(f)jf 2 J; deg(f) ni D , then it is easy to see that c n (J) = a i ; where i is the greatest index such that i n. We note that the ideals c n (J) are also obtained in 9] with explicit formulas using resultants.
3. Primary Decomposition for Ideals in D x]. Let I D x] be an ideal. In this section we will give an algorithm for determining a primary decomposition for I. The starting point will be Proposition 2.2. We will rst show how to turn this product decomposition into an intersection of ideals and then show how we can compute the primary decomposition of each of these ideals. We will obtain three types of ideals: The primary decomposition of the rst two ideals is easily done (see Proposition 3.4 and the discussion before it) and that of the third ideal can be obtained by adopting the ideas of Lazard 7] . We begin with two results which show how to change a product of certain ideals into an intersection. (1), since h t is monic (and so c(h t ) = D).
The method for determining the primary decomposition of the ideal a t x] is easy and well-known. Namely, in D write a t = p e1 1 p e , for distinct prime ideals We rst show how to compute the prime ideals containing J. That is, as we shall see, since J is zero-dimensional, we compute all of the maximal ideals containing J.
Theorem 3.5. Let P be a prime ideal of D x]. Then in the notation above:
1. J P if and only if there is an i 2 such that hb i ; h i i P. We now prove (2) . Let hb i ; h i i P: Since b i P; a prime ideal factor of b i ; say p; is contained in P: Note that the ideal p is a maximal ideal of D; and so, since h i is monic, we easily see that there is a v 2 P which is an irreducible factor of h i modulo p. Since hp; vi is a maximal ideal of D x] and is contained in P we have P = hp; vi:
Statement (3) is now immediate. Now that we know the maximalideals containing J we can determine the primary ideals associated to them. Since J is zero-dimensional, these are precisely the ideals that occur in the primary decomposition of J. So let M be such a maximal ideal. Finally, we note that if we use the constructions described in this section, we do not get, in general, a minimal primary decomposition of I. We do get a minimal decomposition of each of the ideals in the decomposition of I in Theorem 3.3, but primary ideals from one of them may be contained in primary ideals of another.
The Algorithm and an Example
In this section we summarize the constructions given in the previous sections and we discuss their implementation. So let the ideal I = hf 1 ; : : : ; f s i D x] be given.
We rst show how to compute the Gr obner basis of Theorem 2.4 and Corollary 2.8. The rst step is to compute a greatest common divisor f in K x] (using the Euclidean Algorithm) and factor c(f) ?1 f out of I. The second step is to compute a Gr obner basis for J = c(f) 1 f I. This can be done using the generalization of Buchberger's Algorithm to rings as presented, say, in 8] (see also 1]). We next convert this Gr obner basis into the one given in Theorem 2.4 following the steps in the proof of Theorem 2.4. The nal Gr obner basis for I is obtained by multiplying through by c(f) ?1 f.
We next discuss the computation of a primary decomposition of I. As above, we rst use the Euclidean Algorithm to compute a greatest common divisor f in K x] and factor c(f) ?1 f out of I to obtain the ideal J 1 = c(f) 1 f I. We again use the Euclidean Algorithm to compute non-zero elements of J 1 \ D, and we let a be the ideal in D generated by these elements. (A di erent choice of a will lead to a possibly di erent ideal J, and so a possibly di erent primary decomposition of I.) Next, we compute a Gr obner basis for J = ha; Ii and transform it into the form of Theorem 2.4. We now have the representation of I as in Theorem 3.3. Then we factor f into its prime factorization in K x]. Moreover, we factor the ideal a t into its prime ideal factors in D. We use these factorizations to obtain the primary decompositions of hc(f) ?1 fi and a t x] as described in Proposition 3.4 and the discussion preceding it. The next step is to factor all of the ideals b i = 
